Abstract. It is shown that the logarithmic spiral gives the extremum to F. John's angle distortion problem for plane bilipschitz mappings. The problem of factoring spiral-like mappings into a composition of homeomorphisms with smaller isometric distortion is studied. A space counterpart of the Freedman and He theorem is obtained.
Introduction and Main Results
Rotation problems are extensively studied in function theory and its applications to geometry and dynamics. A typical problem from the nonlinear elasticity theory is due to F. John. In [7] he showed that if f : C → C is an (1 + ε)-bilipschitz mapping and if for some 0 < a < b we have f (z) = z for |z| > b, f(z) = ze iθ for |z| < a, |θ| ≤ π, then |θ| ≤ C (1 + log(b/a)) ε.
The angle estimate (1.1) follows from the basic stability theorems in [7] for (1 + ε)-bilipschitz mappings in the plane. The BMO technique [8] also plays an important role for (1.1).
We show that the proper framework for (1.1) concerns quasiconformal mappings which are more general than bilipschitz mappings. Quasiconformal methods lead to the sharp solution of John's problem. They also provide sharp integral estimates for the rotation angle in terms of the pointwise quasiconformal and isometric distortion coefficients. Before the statements, we recall some notation.
Let G be a domain in the complex plane C. A sense preserving homeomorphism f : G → C is called Q-quasiconformal, Q ≥ 1, if f ∈ W The estimates (1.8) and (1.13) can be viewed as angle-distortion stability results. The estimate (1.15 ) is sharp and the mapping (1.6) provides the equality.
e. in R(a, b) and hence the inequality (1.8) yields (1.15) .
The sharp form of John's inequality follows now immediately, if we replace L in (1.15) by 1 + ε.
Corollary 1.5. Let f be an (1 + ε)-bilipschitz homeomorphism of the annulus
transforms the radial lines into spirals, infinitely winding about the origin and it is called the logarithmic spiral mapping. The spiral mappings play an important role in applications. F. Gehring employed s k in [3] to solve the well-known Bers's problem on the structure of the universal Teichmüller space and applied the logarithmic spiral mapping in [4] for studying the injectivity problem for local quasi-isometries. F. John [9] used the mapping s k to study the uniqueness of nonlinear elastic equilibrium for prescribed boundary displacements. A solution of the well-known Teichmüller-Wittich-Belinski-Lehto conformal differentiation and regularity problems for quasiconformal mappings in the plane was also done by means of the spiral mapping (see e.g., [11] , p. 232, [16] , [1] , [10] ). A similar problem in space has been studied by Yu. Reshetnyak [14] .
In Sections 3 and 4 we study the spiral and spiral-like mappings in plane and space and their factoring into homeomorphisms with small isometric distortion.
It is well-known that every L-bilipschitz mapping between two one-dimensional intervals can be factored into a composition of homeomorphisms with smaller isometric distortion α. Such a composition can be written explicitly and it requires N < log α L + 1 factors. In fact, if f : I → I 1 is an L-bilipschitz mapping, then f can be factored as f = f 2 • f 1 , where f 1 is the α-bilipschitz mapping defined by (1.17) where x 0 ∈ I is fixed and f 2 is the L/α-bilipschitz mapping f • f −1
.
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For n ≥ 2 it is not known if every bilipschitz mapping can be factored in the above sense. M. Freedman and Z.-Xu. He [2] studied the logarithmic spiral s k and showed that it requires N ≥ |k|/(α 2 − 1) 1/2 factors to be represented as a composition of α-bilipschitz mappings. Since s k is also L 2 -quasiconformal, then by the general analytic theory of quasiconformal mappings in the plane, the minimal number of factors of s k with conformal distortion ≤ (1 + ε) grows like 2 log 1+ε k when k goes to the infinity. Thus for large k the spiral (1.7) takes more factors to unwind by means of bilipschitz mappings with small isometric distortion than with conformal distortion.
The following statements provide additional information on the factoring of the logarithmic spiral. It seems likely that the Freedman and He estimate for the number of factors can be improved. We study a special set of volume preserving bilipschitz automorphisms of the unit disk B 2 and show that in this class a better lower bound is obtained.
Let θ be a locally absolutely continuous real valued function in the interval (0, 1] with
We define the mapping f :
Clearly f is a homeomorphism of B 2 which maps each circle S 1 (r), 0 < r ≤ 1 onto itself. The following lemma shows that f is actually bilipschitz. The class of mappings (1.19) we will denote by P. Contrary to the plane, little is known on factoring in space. An affine Lbilipschitz mapping of R n onto R n can be factored into a composition of N < log α L + 1 affine α-bilipschitz mappings.
In Section 4 we study the factoring problem for the volume preserving bilipschitz automorphism S k of the unit ball B 3 in 3-space defined as
The mapping (1.22) was introduced in [5] to study the distortion and rotation problems for quasiconformal mappings in space. This mapping can be viewed as a space counterpart of (1.7). The trace of S k in C gives us again the mapping (1.7).
It turns out that the special class of volume preserving bilipschitz mappings f : maps each circle C(r, t) = {x ∈ S 2 (r) : x 3 = t}, 0 < r < 1, |t| < r, onto itself. However, f need not map the circles C(r, t 1 ) and C(r, t 2 ) onto itself in a similar fashion as the mapping S k does, i.e., f need not be a rotation of S 2 (r).
2. Proof of Theorem 1.1
For simplicity and without loss of generality we may assume that a = q, 0 < q < 1, and
for every continuous nondecreasing convex function Φ. The proof is by contradiction. Suppose that there exists a mapping f ∈ M such that
For fixed n = 1, 2, . . . , we will introduce the mapping ϕ(z) defined in R(q 1/n , 1) as
and normalized by ϕ(1) = 1. This mapping is well-defined since f is a sensepreserving homeomorphism of the annulus R(q, 1) onto itself. The boundary conditions of f imply that ϕ(z) = z for |z| = 1 and ϕ(z) = ze iθ/n for |z| = q 1/n . Considering the conformal covering spaces of the annuli, we see that the mapping ϕ is n-fold symmetric with respect to the origin in the sense that
for every ε j = e i2πj/n , j = 1, 2, . . . , n − 1, and is one-to-one in R(q 1/n , 1). Since f is quasiconformal in R(q, 1), the mapping ϕ is also quasiconformal in R(q 1/n , 1). Using ϕ we generate the following sequence of mappings
and show that each f n belongs to the set M. First we note that, by the construction, each f n is quasiconformal in R(q, 1) \ n−1 j=1 {|z| = q j/n } and continuous in R(q, 1). Next, since f n maps each circle |z| = q j/n , j = 1, . . . , n − 1, onto itself, then by the removable singularity principle for quasiconformal mappings (see [11] ) f n is quasiconformal in R(q, 1). Finally, the admissible normalization of f n for |z| = 1 and |z| = q follows from the boundary conditions of the mapping ϕ. Thus f n ∈ M for all n = 1, 2, . . . .
On the other hand, we see that f n (q j/n e iω ) = q j/n e ω+jθ/n for all n = 1, 2, . . . , j = 1, . . . , n−1 and 0 ≤ ω < 2π. It is immediate now that the sequence f n converges uniformly in R(q, 1) to the mapping f * defined by formula (1.6). Next we will make use of the following convergence result proved in [6] (see Theorem 4.1). It states that if F n : G → C, n = 1, 2, . . . , is a sequence of Q-quasiconformal mappings that converges locally uniformly in G to F, then
for every measurable set E ⊂ G with m(E) < ∞ and for every continuous nondecreasing convex function Φ. We will apply this statement to the sequence f n in the following way. First we show that
for every n = 1, 2, . . . . To this end observe that the Jacobian determinant of the mapping g(z) = z n satisfies J g (z) = |g (z)| 2 = n 2 |z| 2n−2 and hence
Note that the multiplicity
for j = 1, 2, . . . , n and summing up we obtain (2.6). Now (2.6) yields lim inf
Replacing the sequence f n by the sequence F n (z) = f n (e z ) of quasiconformal mappings defined in the rectangle Ω : − log(1/q) ≤ Re z ≤ 0, 0 ≤ Im z ≤ 2π, we see that
Combining (2.9) and (2.10) with (2.11) and going back to the annulus R(q, 1) we obtain that
Formula (2.12) provides a contradiction to the inequality (2.2). This completes the proof of the theorem.
As we have already noted, the sharp inequality (1.15) is a consequence of (1.8) since an L-bilipschitz mapping in the plane is L 2 -quasiconformal. On the other hand, if for every f ∈ M Q(f ) = ess sup
denotes the maximal dilatation of f in R(q, 1), then the inequality (1.15) can be obtained if we show that
with f * as in (1.6). The problem (2.14) is Teichmüller's type extremal problem for the class M of quasiconformal mappings in the annulus R(q, 1) with given boundary values. It could be studied by the standard methods in the logarithmic plane (see e.g., [13] ). Below we give an approach, which does not use any modulus estimates, and could be of independent interest.
The proof is by contradiction. Suppose that there exists a mapping f ∈ M such that
Let us again make use of the sequence f n generated by f as in the proof of Theorem 1.1. Then by the well-known semicontinuity property of the maximal dilatation coefficients (see [11] , [15] ) we arrive at the inequality
Formula (2.17) provides a contradiction to the inequality (2.15) and (2.14) follows.
The weighted integral mean in (1.8) is closely related to the study of the wellknown conformal differentiability problem (see e.g., [6] , p. 232). For example, if 1 2π
then Theorem 1.1 applied to a quasiconformal mapping f, f (0) = 0, that rigidly rotates each circle |z| = r implies that f (0) = R where R is a rotation.
Spiral-like Maps in Plane
We first prove Lemma 1.6. Assume that f is defined in the unit disk B 2 by the formula (1.19) with locally absolute continuous real valued function θ(t), t ∈ (0, 1], satisfying (1.18). Then by means of the straightforward computation we see that
a.e. in B 2 . We note also that the mapping f is volume preserving since |f z (z)| 2 − |fz(z)| 2 = 1. Hence, (1.18) and (3.1) yield
Since f is volume preserving, we also have (f (z)) = 1/||f (z)|| ≥ 1/α where
2 is convex and we conclude from the above estimates that f is α-bilipschitz.
Corollary 3.1. Suppose that θ(t) satisfies the inequality
The last estimate shows that the function η is absolutely continuous in (−∞, 0) and |η (s)| ≤ ε a.e. Hence |tθ (t)| ≤ ε a.e in (0, 1). By Lemma 1.6 it follows that f is an α-bilipschitz mapping with α = ε + √ 1 + ε 2 . The elementary estimate ε + √ 1 + ε 2 ≤ 1 + ε gives the last conclusion. For a similar result see [4] .
Note that the spiral mapping (1.7) is contained in the class of mappings defined by (1.19) and is generated by the formula (1.19) with θ(t) = (k/2) log t. If we set 
is a natural number and otherwise
where [c] stands for the whole part of the real number c.
The proof immediately follows from the explicit formula (1.7). 
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Proof of Proposition 1.7. Assume that s
Differentiating both sides of (3.7) with respect to t, we obtain from the estimate (1.18)
a.e. (3.8) and thus
Assume first that |k|/(α − 1/α) is a natural number N. Then the sign of equality in (3.8) holds if and only if
a.e. for all j = 1, . . . , N. This yields θ j (t) = v log |z| with v = (sign k)(α − 1/α) and hence
for all j = 1, . . . , N. Thus, in this case the optimal composition is of the form
The case when k/v is fractional can be handled similarly.
Factoring in Space
We use in R 3 the spherical coordinates r, ω, β as follows: β stands for an angle between the radius vector and e 3 ; the e 1 e 2 -plane is identified with the complex plane C, so that z = x 1 + ix 2 = re iω sin β. We denote by S 2 the unit sphere in R 3 centered at the origin.
The following technical lemma is a space counterpart of the corresponding Gehring's result [4] (see also Corollary 3.1).
Lemma 4.1. Suppose that θ(t) is a real valued function defined in
(0, ∞) such that |θ(t 1 ) − θ(t 2 )| ≤ ε |log t 1 − log t 2 | . If f is defined in R 3 as f (x) = ze iθ(|x|) , x 3 , f(0) = 0, (4.1) then f is an (1 + ε)-bilipschitz mapping in R 3 .
Corollary 4.2. The mapping
Proof of Lemma 4.1. Let x = (x 1 , x 2 , x 3 ), y = (y 1 , y 2 , y 3 ) ∈ R 3 be distinct points such that |x| ≤ |y|. We set z = x 1 + ix 2 , w = y 1 + iy 2 , and first assume that z = 0. Then
we see that
and we arrive at the inequality
and we again obtain the inequality (4.4). In order to complete the proof, we note that the inverse mapping f −1 is given by (4.1) with −θ in place of θ and then to apply (4.4) to the inverse mapping.
Let γ be a rectifiable curve in R n \ {0} and let η(t) : [a, b] → R n be its absolutely continuous parametric representation. We call the quantity
the total rotation of the curve γ. Note that δ γ = 0 if and only if γ is a radial segment. The integrand in (4.5) is the differential of the angular distance between points η(t) and η(t + dt). Thus, δ γ can be considered as a space counterpart of the total variation for a continuous branch of arg η(t).
Next, let f be a quasiconformal rotation of the spherical annulus R(a, b) : 0 < a < |x| < b in R 3 onto itself. Given a unit vector ν = (e iω sin β, cos β) on S 2 and the radial segment γ ν ab = tν, a ≤ t ≤ b, the curve γ = f (γ ν ab ) can be parameterized in the spherical coordinates as
For (4.6) it is enough to observe that |η(t, ω, β)| = t for all ω and β since f maps each sphere S 2 (t) onto itself and the rotation assumption gives f (tν), e 3 = tν, e 3 = t cos β.
For every fixed β, 0 ≤ β ≤ π, we introduce the quantity (4.8) and call it the maximal twist of the corresponding radial segments γ ν ab under the mapping f (cf. [2] ). This last quantity does not depend on the particular choice of a continuous branch of the Ω(t, ω, β) and hence it is well defined. 
Proof. Since a composition of two quasiconformal rotations is again a mapping with the same properties, then the curve
2 , has the following parametric representation
Hence, by formula (4.8) 12) we see that
Next, since Ω 1 (a, ·, β) is a monotonically increasing function satisfying the condition
Combining (4.11)-(4.14) we obtain (4.9) and the proof is complete.
Lemma 4.4. Let f be a quasiconformal rotation of the spherical annulus
where ||f (x)|| = sup{|f (x)h| : |h| = 1}.
Proof. For a rectifiable curve γ ⊂ R 3 \ {0} we define its quasihyperbolic length (see e.g., [12] , [17] , p. 33) as R(a, b) . We shall estimate the quasihyperbolic length of its image under the mapping f. Since f is quasiconformal and volume preserving, f is bilipschitz and thus t → f (tν) provides an absolute continuous parameterization for the image curve. The rotation assumption implies that |f (tν)| = t for all ν ∈ S 3 . Thus
Using Hölder's inequality we get that
Now (4.16) holds for a.e. ν ∈ S 2 and we integrate both sides of (4.16) over S 2 . The Fubini theorem yields
||f (x)|| and hence (1.24) follows.
